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We study the spontaneous formation of quantum dots in the form of three-dimensional 3D islands on
facetted surfaces in heteroepitaxy. Island development from fast kinetic Monte Carlo KMC simulations at low
deposition rates is found to follow a layer-by-layer nucleation pathway characterized by energetics driven
continuous lateral expansion interrupted by a sequence of independent two-dimensional 2D upper-layer
nucleation events. The process involves only unstable 2D upper-layer nuclei but no unstable 3D nucleus. We
have calculated analytically the elastic strain energy of an island in the form of an axisymmetric stepped
mound using a small-slope approximation. The total free energy of a system with a 3D island and an adatom
bath is obtained. Our theory explains island formation via a free energy driven layer-by-layer nucleation
mechanism. Upper-layer nucleation energy barrier, nucleation time, critical radius, and island step spacings are
estimated. The relevance of entropic step-step repulsion is discussed. Our theory satisfactorily explains the 3D
KMC simulations and may describe the initial evolution of islands in the form of stepped mounds observed in
experiments.
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I. INTRODUCTION
Heteroepitaxial growth refers to a kind of epitaxy in
which the materials constituting the substrate and the film are
different. The lattice constants of the film and the substrate
are in general different and the film is thus intrinsically
stressed. Nano-structures which allow more effective relax-
ation of the strain energy are energetically favorable. An im-
portant example is the self-assembly of three-dimensional
3D islands, which can behave as quantum dots and have
potential applications in optoelectronic devices 1–4. A
widely studied system is Ge, or more generally the alloy
GexSi1−x deposited on Si100 substrates with a 4x% lattice
misfit 5,6. During deposition, islands of pyramidal or hut
geometries bounded by 105 facets form spontaneously. At
relatively low temperature and high misfit, it is suggested
that islands form via a 3D nucleation process in which sub-
critical 3D islands grow and become stable after overcoming
an energy barrier 7. At relatively high temperature or low
misfit, experiments have clearly demonstrated that pyramid
formation is preceded by unfacetted shallower pre-pyramids
or shallow stepped mounds 8–13. Tersoff et al. argued that
the GexSi1−x100 surface is not a true facet so that the strain
induced surface instability leads to the formation of the
prepyramids 10. Sutter and co-workers alternatively sug-
gested that islands form via the strain induced evolution of
stepped mounds on facetted 100 surface without involving
any 3D nucleation barrier 11,12.
The distinct dynamics of island formation on unfacetted
and facetted surface under deposition conditions have been
illustrated using kinetic Monte Carlo KMC simulations in
3D for 8% misfit 14. At 1000 K above the roughening
transition temperature of about 750 K for the model, the
surface is unfacetted and surface steps are abundant. Islands
have rounded tops and consist of layers with very rugged
edges during their initial development. A closer examination
on the morphological data reveals that the uppermost layers
randomly grow and dissolve many times and become stabi-
lized only after being covered by further layers on top. The
steady development of the islands implies that there is no
macroscopic energy barrier in the island formation process.
The dynamics is instead driven by a strain induced instability
1 as suggested in Ref. 10. At 600 K, the surface is facet-
ted. Islands are truncated cones. Upon deposition, an island
first expands laterally and then a new layer nucleates on top.
The dynamics follows essentially a layer-by-layer nucleation
mechanism analogous to that for the formation of pits during
annealing 14. For both temperatures considered, there exist
no single-step 3D nucleation barrier consistent with experi-
mental findings on systems with nominal misfit varying from
1 to 4% 8–13.
In this work, we develop a detailed theoretical description
for the formation of 3D islands via the layer-by-layer nucle-
ation mechanism. We show that it satisfactorily explains
KMC simulation results at 600 K below the roughening tran-
sition temperature at low deposition rates corresponding to
the quasi-equilibrium limit. The remainder of this paper is
organized as follows. Section II describes the KMC simula-
tion model and the morphological evolution of a typical is-
land. Next, the island strain energy and the total free energy
of the system are calculated analytically in Sec. III and Sec.
IV respectively. In Sec. V, we compare our theoretical results
with KMC simulations. We conclude this paper in Sec. VI
with further discussions.
II. KINETIC MONTE CARLO SIMULATIONS
Fast KMC simulations based on lattice ball and spring
models for elastic solids 15 have allowed large scale com-
putational studies on the dynamics of island formation in
strained heteroepitaxy in both 2D 16–19 and 3D
14,20–22. KMC methods are unique for studying proper-
ties for which fluctuations and atomic discreteness are impor-
tant. Continuum calculations, though very successful in in-
vestigating unstable island growth 23,24, cannot naturally
account for fluctuations relevant to nucleation events. The
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much more accurate ab initio 25–27 and molecular dynam-
ics 28,29 approaches are however too computationally in-
tensive for dynamical studies in sufficiently large scales.
Following Ref. 14, the parameters in our ball and spring
model are based on the Ge/Si001 system extrapolated to a
misfit =8%. Since typical island size and formation time
scale is known to decrease with increasing lattice misfit, we
have chosen this rather large value so that the whole island
formation process can be simulated with reasonable com-
puter run time. It is based on a cubic lattice with a substrate
lattice constant as=2.715 Å so that as3 gives the correct
atomic volume in crystalline silicon. The lattice constant af
of the film material is related to the lattice misfit = af
−as /af. Nearest and next nearest neighboring atoms are di-
rectly connected by linear elastic springs with force constants
k1=2eV /as
2 and k2=k1, respectively. The elastic couplings of
adatoms with the rest of the system are weak and are com-
pletely neglected for better computational efficiency. Solid-
on-solid conditions and atomic steps limited to at most one
atom high are assumed. Every topmost atom in the film can
hop to a different random topmost site within a neighbor-
hood of l l columns with equal probability where l=7. The
maximum hopping distance 32 is smaller than the diam-
eters of the typical islands to be studied and we have checked
in simulations at higher deposition rates that taking l=3
gives similar results. The hopping rate m of a topmost atom
m follows an Arrhenius form:
m = R0 exp− n1m1 + n2m2 − Em − E0kBT  . 1
Here, n1m and n2m are the numbers of nearest and next near-
est neighbors of atom m. We take 1=0.085 eV and 2
=1 /2. The energy Em is the difference in the strain energy
Es of the whole lattice at mechanical equilibrium when the
site is occupied versus unoccupied. Weakly bonded or highly
stressed atoms are hence more likely to hop. The algorithm
follows detailed balance. We put E0=0.415 eV and R0
=2D0 / as2 with D0=3.831013 A2 s−1 and 2= l2 /6 14.
We have simulated deposition at temperature T=600 K
onto an initially flat substrate with LL sites using fast al-
gorithms explained in Refs. 14, 20, and 21. At this tem-
perature, the 100 surface is facetted. We aim at studying the
evolution of a single isolated island on the substrate. This
allows convenient numerical computation of the island elas-
tic energy and also simplifies comparison with theory to be
discussed later. It is also directly relevant to the initial stage
of realistic deposition when island density is low. We con-
sider slow deposition at rate R	10 ML s−1 and use a lattice
with L=32 so that only a single dominant 3D island will
emerge in our system. Furthermore, for the coverage consid-
ered, islands are small compared with the substrate so that
they are well separated from their periodic images resulting
from the use of periodic boundary conditions. Interisland
elastic interactions at such low coverage are known to be
negligible 30. For the low-deposition rates considered here,
the morphologies observed depend mainly only on the cov-
erage 
 implying that the evolution is close to the quasiequi-
librium limit.
Figure 1 shows snapshots of a surface from a typical run
at R=3 ML s−1. Initially, there are only adatoms and few
other subcritical 2D islands as shown in Fig. 1a. Next, a
small 2D stable island emerges Fig. 1b. We observe ad-
ditional 2D islands as more atoms are deposited Fig. 1c.
Later, a new layer of atoms nucleates on top of one of the 2D
islands leading to a two-layer 3D island. Other 2D islands
then dissolve and their atoms all diffuse into the 3D island
Fig. 1d. Upon further deposition, the island continues to
grow three dimensionally and the sidewall also becomes
steeper Figs. 1e–1g.
The development of the 3D island in Fig. 1 follows a
layer-by-layer nucleation mechanism. Islands with two lay-
ers or beyond are stable as we have never observed their
dissolution even if the atomic flux is switched off. In particu-
lar, the top layer itself in a two-layered or taller island is
stable after attaining a certain size. During deposition, an
island gradually expands laterally. Small 2D subcritical
upper-layer embryos form and dissolve frequently on top of
the island. Only after attaining a certain size with about a few
dozen atoms, they become stable and grow steadily leading
a b
c d
e f
g
0 1 2 3 4 5
height ML
FIG. 1. Color online Snapshots from simulation of deposition
at rate 1 ML s−1, temperature 600 K, and coverage 
=0.04a,
0.07b, 0.12c 0.25d, 0.36e, 0.50f, and 0.94g.
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to a new upper layer. The development of an upper layer is
associated with a slight shrinkage of the lower layers as some
atoms are being transferred upward until the island ap-
proaches its equilibrium truncated conical shape. This
gradual lateral island expansion interrupted by a sequence of
sudden 2D upper-layer nucleations characterizes the over
growth process of a 3D islands. In all the growth conditions
we have studied using our current KMC model, we have not
observed any unstable 3D embryo associated with a single-
step 3D nucleation process.
III. ELASTIC ENERGY CALCULATION
In this section, we analyze the elastic strain energy of
axisymmetric islands in the form of stepped mounds. We
treat the system as a continuum elastic solid. The substrate
and the deposited material are assumed to have the same
elastic constant for simplicity. The compressive stress on the
film material can equivalently be represented by effective
force monopoles with a line density 2
Fr =
asY
1 − 
nˆr 2
acting at position r on every surface step along the normal
direction nˆr pointing toward the lower terrace. Here,  is
the Poisson’s ratio and Y is the Young’s modulus. For our
KMC model, their values are =k2 / k1+3k2 and Y = k1
2
+5k1k2+4k22 / ask1+3k2. We use a small-slope approxi-
mation which is valid for gentle surfaces so that the th
component of the displacement ur at position r induced at
the film surface can be written as 31
ur = drGr − rFr , 3
where the integral is over all surface steps and G is the
half-space elastic Green’s function 32. The strain relaxation
energy Es which is the total strain energy in the film-
substrate system compared with that in the homogeneously
strained state can be written as
Es = −
1
2	, drdrGr − rFrFr . 4
For a 2D circular island of radius R, Eq. 4 gives 3
EsR = − 2R ln
R
ar
. 5
Here, ar is a spatial cutoff parameter of the order of the
single step height which equals the lattice constant as. Its
value depends on the detailed structure of the surface step. In
Eq. 5,  is defined by
 =
1 − 2F2
Y
, 6
where F= 
F
 and its value follows from Eq. 2.
For 3D islands, we approximate them as axisymmetric
stepped mounds consisting of n concentric circular layers.
Let Ri be the radius of the ith layer counting from below. The
strain energy EsRi of the island as a function of the set of
radii R1 ,R2 , . . . ,Rn can be calculated using Eq. 4 and we
obtain, after some straightforward algebra 33
EsRi = 	
i,j=1
n
ARi,Rj , 7
where the pairwise interaction term ARi ,Rj is defined as
ARi,Rj = −
2
Ri + Rj
− Ri + Rj2E 4RiRjRi + Rj2
+ Ri
2 + Rj
2K 4RiRjRi + Rj2 . 8
We have defined
Kx = 
0
/2−
c d

1 − x sin2 
 9
Ex = 
0
/2−
c 1 − x sin2 
d
 . 10
If a vanishing value is assumed for the angular cutoff 
c,
Kx and Ex reduce to the complete elliptic integrals of the
first and the second kinds respectively. In our calculation, a
finite 
c of similar magnitude to as /Ri and as /Rj is needed to
suppress a singularity in Kx at x=1 corresponding to Ri
=Rj. Specifically, we put

c =
2ar
e2 maxRi,Rj
, 11
so that Es calculated using Eqs. 7–11 for a 2D island with
n=1 reduces identically back to Eq. 5. Furthermore, this
choice preserves the symmetry ARi ,Rj=ARj ,Ri. It also
provides a relatively small 
c away from the singular point
so that the artifacts introduced to the nonsingular regions can
be minimized.
IV. FREE ENERGY CALCULATION
We now derive formulas for calculating the free energy of
the whole system. Elastic energy has already been calculated
in the last section. We next evaluate the nonelastic parts of
the free energy of the surface steps. We assume isotropic step
energy and our calculations are based on steps along the
100 direction which is most convenient to analyze. The
step formation energy per lattice site for the lattice model
used in our KMC simulation is 1 /2+2 from simple bond
counting. Considering also the entropic contribution of kinks
of arbitrary depth 34, the step free energy per unit length 1
for a 2D island is found to be
1 =
1
as
12 + 2 − kT ln1 + 2e−1/2+2/kT1 − e−1/2+2/kT . 12
For a 3D stepped mound, mutual steric hindrance between
adjacent steps leads to considerable effective step repulsion.
Its strength is known to decay with the step separation R as
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R−2 35. Noting also that the entropic term due the kinks
should vanishes as R approaches as, the free energy per
unit length n for steps in an n-layer island n2 is instead
approximated by
n =
1
as
12 + 2 − kT1 − as2R2
ln1 + 2e−1/2+2/kT1 − e−1/2+2/kT . 13
Summing up the elastic energy and the step energy, the total
free energy of an n-layer island n1 is
FIRi = 2n	
i=1
n
Ri + EsRi . 14
In particular for n3, we have assumed a truncated cone
geometry with a uniform step spacing R so that n is con-
stant for all layers, although both R and n still depend on
the island height n. For 2D islands n=1, it reduces to the
well known result 3
FIR = 2R1 −  ln R
ar
 . 15
Besides 2D or 3D islands, there are also adatoms on the
substrate as well as on the islands. Their free energy contri-
bution will now be studied. Dimers and other subcritical is-
lands are few in number and are neglected. In our KMC
simulation, elastic couplings of adatoms are neglected. The
formation energy of an adatom is
Ead = 21 + 22 − Es
0
, 16
where Es
0
=Y2as
3 / 1− is the strain energy of a film atom in
the homogeneously strained state. For an adatom density ,
the entropy per site is kT ln + 1−ln1−. At small ,
the free-energy contribution of the adatoms is
Fad = L2Ead +  ln  − kT , 17
where L2 is the number of lattice sites on the substrate.
The total free energy of the complete system with adatom
density  and an island with n layers of radii Ri is given by
FS,Ri = FIRi − kT ln L2 + Fad , 18
where the term kT ln L2 accounts for the positional entropy
of the island. Limiting to an n-layer island at a film material
coverage 
, the free energy becomes
FS
,n = MinFS,Ri,Ri, 19
where Min denotes minimization w.r.t.  and Ri under the
constraint

L2 = L2 + NI, 20
where NI=	i=1
n Ri
2 /as
2 is the number of atoms in the island.
For simplicity, we only consider conelike or truncated cone-
like islands with a uniform step spacing R so that the mini-
mization is performed in general over the variables , Rn,
and R.
Technically, the minimization in Eq. 19 is most conve-
niently carried out by adopting the chemical potential ,
rather than 
 as an independent parameter. This is because
thermodynamic theory implies e−Ead−/kT and 
=dFIRi /dNI using which both 
 and FS
 ,n are easily
computable for any given  using Eqs. 18–20.
V. APPLICATION TO KINETIC MONTE CARLO RESULTS
We have performed 6 independent runs for each of the
deposition rates R=1, 3 and 10 ML s−1. We periodically cal-
culate the strain relaxation energy Es of the film-substrate
system by comparing the total strain energy stored in all
springs at mechanical equilibrium with that in the homoge-
neously strained state 21. Figure 2 plots the strain energy
per atom Es /N against the film material coverage 
 for all 18
runs, where N=L2
 is the number of deposited atoms. Each
data point results from averaging over 10 measurements of
Es in a given run taken during the deposition of about 0.02
MLs.
As observed in Fig. 2, Es /N increases continuously upon
deposition except at a few points where it drops abruptly. To
understand this trend, we have simultaneously computed the
number of layers n in the dominant island. Specifically, for
each data point, we approximate n+1 by the maximum sur-
face height during all the 30 associated measurements. Note
that the offset one accounts for adatoms on the top layer
which is not counted as a completed layer. The value n is
indicated by the symbol representing the data point in Fig. 2.
It is now clear that the abrupt drops in Es /N coincide with
the nucleation of new layers. Our data can then be inter-
preted as follow. The elastic energy of the system Es is domi-
nated by the largest island. During deposition, an island
grows laterally and Es /N increases toward zero gradually as
the strain relaxation becomes increasingly inefficient. Peri-
odically when the top layer becomes sufficiently spacious,
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FIG. 2. Color online Plot of the strain energy per atom Es /N
against coverage 
 from simulations symbols at deposition rates 1,
3, and 10 ML s−1. The island height is inferred from the measured
maximum surface height. The solid lines represent fitted curves
using Eqs. 5 and 7.
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upper-layer nucleation occurs. This enhances the effective-
ness of the strain relaxation and induces and abrupt drop in
Es /N.
In Fig. 2, data from runs at rates 1, 3, and 10 ML s−1
basically coincide within statistical fluctuations and again in-
dicates that growth proceeds close to the quasiequilibrium
limit. More careful inspection reveals that Es /N drops at
slightly larger values of the coverage 
 for some realizations
reflecting the random nature of the upper-layer nucleation
process. The spread is also more significant for the fastest
10 ML s−1 indicating that the slow deposition limit is only
marginally valid at this deposition rate.
We next compare the strain energy Es computed from our
simulation with Eqs. 5 and 7 from continuum theory.
From visual inspection of the morphological evolution like
that in Fig. 1, there are typically 3 single-layer islands in the
simulated system right before the 2D to 3D transition. Once
a 3D island has developed, it dominates over the other is-
lands which then vanish quickly. Therefore, we compare our
strain energy data in the 2D case using Eq. 5 by consider-
ing 3 noninteracting islands of equal radius. In the 3D cases,
we fit the data to Eq. 7 considering a single truncated cone.
The results are shown as solid lines in Fig. 2 and the fitted
parameters  and arn are listed in Table I. Note that we
have adopted tunable effective values  for the lattice misfit.
The fitted values deviate slight from the nominal value 8%
used in the simulations. We attribute the discrepancy to dis-
cretization effects caused by the sharp step edges surround-
ing each layer. Table I also lists values for the step separation
R. They are equilibrium values which minimizes the island
free energy FI defined in Eq. 14. Since the minimized value
of R depends on the fitted values of  and arn and vice
versa, more precisely we have performed the strain energy fit
and the island free-energy minimization self-consistently and
the numerical procedure converges after several iterations.
From Table I, each of , arn, and R depends on the
island height n monotonically. These trends can be easily
explained as follows. First, R decreases with n meaning
that taller islands have steeper sidewalls. This is because the
larger strain energy associated with a tall island dominates
over entropic repulsion described by the third term in Eq.
13. It can hence squeeze the steps more closely together.
This is consistent with our simulation results as can be ob-
served in Fig. 1. Experimentally, stepped mounds are also
known to attain steeper inclinations gradually as growth pro-
ceeds 9,11. Next, the effective misfit  is considerably
larger than the nominal value of 8%. The discrepancy is due
to the application of the continuum elasticity description to
the discrete cubic lattice. It is particularly significant for thin
islands as the misfit stress essentially acts very locally on the
edge of each atomic layer of the islands. For taller islands,
the discrepancy decreases as it crosses over to the continuum
limit. We expect that the limited accuracy of the small slope
approximation used in our theory also contribute partly to the
decreases of  with respect to n. In fact, the strain energy of
an island with a high aspect ratio at large n are known to be
overestimated in the small slope approximation 36. Finally,
the cutoff parameters arn is expected to be a constant of the
order as only for 2D islands or multilayered islands with
large step separation R so that the layers become noninter-
acting elastically. For the opposite case of a cylindrical island
with R=0 so that R1=¯ =Rn, Eq. 7 reduces to EsRi
=−2n2R1 lnR1 /arn. Alternatively, an n-layer cylindri-
cal island is essentially similar to a 2D island and a proper
rescaling of Eq. 5 gives EsRi=−2n2R1 lnR1 /nar1.
A comparison of the two expressions immediately gives
arn=nar1. For our simulation, R is finite and hence
arn increases more moderately with n.
The free energy FS
 ,n of the system as a function of the
coverage 
 for various island height n then follows from Eq.
18 using parameters in Table I. Figure 3 shows the result
which is in agreement with a schematic sketch motivated by
experimental observations in Ref. 11. For a given 
, the
equilibrium island height n is identified easily as the one
which minimizes the free energy FS
 ,n as indicated by the
thick solid lines. We also observe that the equilibrium value
of n increases sequentially from 1 onwards as 
 increases.
Therefore, for sufficiently slow deposition in the quasiequi-
librium regime, islands form via a layer-by-layer nucleation
mechanism in which a sequence of distinct upper-layer
nucleation events occur one after another and each of them
increases n by unity. Values of the critical coverage beyond
which the corresponding upper-layer nucleation can occur
TABLE I. Effective elastic and geometrical parameters for
n-layer islands from self-consistent strain energy fit and free-energy
minimization.
Island height, n

% arn R
1 11.6 0.644as
2 12.3 1.121as 1.706as
3 11.0 1.234as 1.383as
4 10.3 1.589as 1.233as
5 9.59 1.779as 1.131as
0.0 0.5 1.0 1.5
25
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F
s
Θ,
n
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V


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
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n4
n5
FIG. 3. Color online Plot of the total free energy FS
 ,n of a
system with an n-layer island against coverage 
 dashed lines. The
lowest values of FS characterizing equilibrium states are indicated
by thick solid lines.
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are indicated by arrows in Fig. 3 and listed in Table II. The
predicted critical coverages are in reasonable agreement with
the positions of the abrupt drops in Es /N in Fig. 2. This
layer-by-layer nucleation mechanism is in agreement with
experimental results on the evolution of stepped mounds at
the initial stage of island formation 11,12.
We now study the dynamics of upper-layer nucleation. We
first introduce a reaction parameter  so that =0 and 1
correspond respectively to the initial metastable n-layer is-
land and the final n+1-layer island. Intermediate values of
 characterize transient island states. We assume for simplic-
ity that all these islands have the same mass which is indeed
a good approximation for n2 considered here. In the new
top layer, the number of atoms is assumed to be linearly
interpolated between the initial and the final values, so that
the radius follows Rn+1=Rn+1f , where Rn+1f denotes the
final stable value. The remaining atoms belongs to the n
lower layers which takes the geometry of a truncated cone.
The step separation R for the n lower layers, the effec-
tive misfit , and the cutoff parameter ar are all lin-
early interpolated between the initial and final equilibrium
values from Table I. The island free energy FS as a func-
tion of  for each transition is then calculated. As an ex-
ample, Fig. 4 plots FS versus  for n=2 corresponding to
a two-layer to three-layer island transition. It shows the ex-
istence of an energy barrier 37. The barrier height Eb and
the associated layer radii Rn
 and Rn+1
 in the critical islands
are calculated and listed in Table II. There are typically about
20 atoms in the 2D upper-layer nucleus, in contrast to only a
few atoms often considered for other systems 38.
Using standard nucleation theory 39 the average upper-
layer nucleation time  can be estimated and we get
 =
1
zfcNc
. 21
Here, ce−Eb/kT is the critical top-layer nucleus concentra-
tion and Nc=Rn
2
−Rn+1
2  /as
2 denotes the number of pos-
sible nucleation sites. Also, f=Rn+1 as−3D is the adatom
attachment rate where D=D0e−Ea/kT is the adatom diffusion
coefficient with Ea=0.67 eV and D0=3.831013 A2 s−1 for
our KMC model. The Zeldovich factor z in Eq. 21 equals
z=−F /2kT where we have defined F=d2F /ds2
evaluated at  with s=Rn+1
2  /as
2 denoting the number of
atoms in the 2D embryo. Table II also lists the estimated
nucleation time  hence obtained. We note that  is in general
smaller than the total deposition time in our simulations and
this justifies the quasiequilibrium nature of the island evolu-
tion in our simulations.
VI. DISCUSSIONS
KMC simulations in 3D with realistic elastic energies
such as those performed here are computationally intensive
and studies are limited to large misfits such as 8% associated
with small island sizes 14,22. Generic 3D nucleation asso-
ciated with 3D critical embryo has not been observed. Nev-
ertheless, direct experimental evidence on 3D nucleation for
Ge films with 4% misfit is also lacking, although this can be
due to experimental challenges associated with the short
nucleation time, the small embryo size or simply the intrinsic
instability of the intermediate states. The layer-by-layer
nucleation pathway observed in KMC can be another pos-
sible description for the initial evolution of islands before
faceting at high misfit and low temperature. Nevertheless,
the theoretical framework proposed here is more general and
can be applied to lower misfit regimes. At 1% misfit, atomic
resolution images have clearly revealed emerging islands in
the form of stepped mounds with facetted terraces 12. Our
theory can be a candidate for the description of their evolu-
tion. We also hope that this work can motivate further quan-
titative comparison between theory and experiments. For ex-
ample, it will be interesting to extend experiments in Ref.
12 and measure the size distribution of the top 2D island as
a function of the height of the stepped mound. This distribu-
tion provides important information about the top layer sta-
bility and also the growth dynamics. It is also readily pre-
dictable using our theory for a direct comparison.
TABLE II. Properties of upper-layer nucleation on an n-layer island.
Island height, n


ML Rn
 Rn+1

Eb
eV

s
2 0.614 8.97as 2.53as 0.521 0.00457
3 0.737 7.41as 2.43as 0.563 0.0141
4 1.18 7.79as 2.62as 0.689 0.147
0.0 0.2 0.4 0.6 0.8 1.0
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FIG. 4. Color online Plot of system free energy FS against
reaction parameter  for upper-layer nucleation on a two-layer is-
land at coverage 
=0.614.
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The layer-by-layer growth mode involves energetics
driven island lateral expansion stages interrupted by upper-
layer nucleations. After adding each layer, the island is stable
until growing beyond a certain size and become metastable
again. This is because our free energy calculation has shown
that all n-layer islands studied are energetically stable at
some coverage 
. Another possibility is that once a 2D island
grows beyond a critical size, there is a kinetic limited cas-
cade of upper-layer nucleation events at practically constant
island size until the island becomes stable again 40. The
island development process is then limited essentially by a
single 2D to 3D energy barrier. This picture does not de-
scribe our KMC simulations. However, we did arrive theo-
retically at such a result when neglecting the entropic step
repulsion term in Eq. 13 so that islands of thickness 2 and
3 MLs are metastable for all island sizes. Entropic step re-
pulsion hence is also a relevant factor in selecting the true
growth mechanism.
3D KMC simulations have demonstrated island formation
via either surface instability at 1000 K 14 or the layer-by-
layer nucleation mechanism at 600 K as studied in detail
here. At intermediate temperatures, visual inspection of the
morphological evolution indicates rather smooth crossovers
between the two set of features. From a theoretical point of
view, at 600 K the upper-layer nucleation energy barrier is
significantly larger than kT. Upper-layer nucleation hence in-
troduces noticeable ensemble randomness to the island evo-
lution as observed here and on pit formation in Ref. 14. For
higher temperatures, it is easy to deduce from our theory that
the upper-layer nucleation barrier decreases due to the lower
free energy of the surface steps. Upper-layer nucleation can
therefore become a fast process compared with the lateral
expansion of the islands. Island will then grow at more
steady rates with suppressed ensemble fluctuations. Island
formation thus lacks not only 3D barrier but practically also
any significant 2D barrier and becomes essentially nucle-
ationless as proposed in Ref. 11. At still higher tempera-
ture, the evolution should further converges to standard sur-
face instability induced growth as surface step free energy
further decreases and approaches zero. It will be interesting
to apply our theory to describe these temperature induced
crossovers between roughening modes quantitatively.
In summary, we have demonstrated both computationally
and analytically a layer-by-layer nucleation mechanism for
the self-assembly of 3D islands in strained heteroepitaxy at
temperature below the surface roughening transition. KMC
simulations at 600 K under slow deposition conditions show
that the island morphologies depend mainly on the island
size and is very much independent of the deposition rates.
The results imply a quasiequilibrium layer-by-layer growth
mode with independent and distinct upper-layer nucleation
events and this simplifies analytically description. In our
theory, islands are treated as axisymmetric stepped mounds.
The elastic strain energy is calculated under the small-slope
approximation. We have also considered step meandering en-
tropy due to step kinks as well as step-step repulsion of en-
tropic origin. Effective values of the lattice misfit and lattice
cutoff parameter are extracted by fitting to KMC simulation
results. Using these values, our theory explains a layer-by-
layer nucleation mechanism for the development of 3D is-
lands for slow deposition in the quasiequilibrium regime.
Islands can be approximated by their equilibrium geometries
as dictated by the material coverage. As deposition proceeds,
a sequence of independent 2D upper-layer nucleation occurs
while the layers expand laterally in between these events.
The associated nucleation barriers, average nucleation times,
critical upper-layer 2D island sizes, and transition material
coverage are estimated. Our theory provides a satisfactory
quantitative description of the island formation process in the
KMC simulation.
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